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Exercise 48: Diffusion approximation of a nearly critical Galton-Watson process Re-
call the binary Galton-Watson process from Exercise 40. Let the initial number Gén) € Ny of

individuals scale with n € N, that is, Gén)/n — x € [0,00) as n — oo. The branching rate per
individual is 8 € (0,00). Assume that this process is nearly critical in the following sense: Let the
probability p, € (0,1) of having 2 children scale such that n-(2p, —1) — s € R as n — oo, that is,
Pn = % + 5.+ 0(%) as n — oo. What is the diffusion approximation of the rescaled and accelerated

process (GEZ)/n) for large n € Ng?

>0

Exercise 49: Ito’s formula Let (B;):>0 be a standard Bronian motion. Define
X = CeXp(BBt + O[t)v te [07 OO),

where ¢, o, € (0,00). Apply It6’s formula to f(t,z) := cexp(Bz + at), t,z € [0,00), and show
that X; = f(t, B;) satisfies the stochastic differential equation

dX, = (a+ 18*) X, dt + BX1dBy

and Xy = c.

Exercise 50: Diffusion approximation of a branching-coalescing process Recall the

branching-coalescing process (Xt(n))tz() from Exercise 42 with branching rate 8 € (0,00) per in-
dividual, probability p,, € (0, 1) of having 2 children, immigration rate ¢, € (0,00) and coalescence

rate v, € (0,00) per pair of individuals. Let the initial number Xén) € Ny of individuals scale with

n € N, that is, Xén)/n — x € [0,00) as n — oo. Assume that the parameters scale as follows:
n(2p, — 1) = s € R, nu, — p € [0,00) and n?y, — ¢ € [0,00) as n — oo. What is the diffusion
approximation of the rescaled and accelerated process (Xt(:f ) / n) > for large n € No?

Exercise 51: Itd’s formula and the It6 isometry Apply the It6 isometry to calculate the
first two moments E*[X,], t € [0, 00), and EZ[(X;)?], t € [0, 00), of the following processes

o dX; = tdB, that is, X; = x + [ sdBs,

e Feller diffusion with immigration: dX; = adt + /5X:d B

Hint: Use It6’s formula for the second moment of the second process.



